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First, we recall some notations and deﬁnitions which we will
use throughout the paper.
A double sequence x= (xjk) of real or complex numbers is
said to be bounded if
kxk1 ¼ supj;kjxjkj <1:
The space of bounded double sequences is denoted by L1.
A double sequence x= (xjk) is said to be convergent to the
limit l in the Pringsheim sense (shortly, p-convergent to l) if for
every > 0 there exists N 2 N such that Œxjk  lŒ<  when-5116518.
. Sevli·), mohiuddine@gmail.
ptian Mathematical Society.
g by Elsevier
ing by Elsevier B.V. on behalf of E
3.008ever j, k> N. In this case, l is called the p-limit of x. We denote
by Cp, the space of p-convergent sequences [1].
Note that, in contrast to the case for single sequences, a
convergent double sequence need not be bounded. By Cbp, we
denote the space of double sequences which are bounded
convergent.
Let A= (amnjk:m, n, j, k= 0, 1, . . .) be a four-dimensional
inﬁnite matrix of real numbers. The double seriesX1
j¼0
X1
k¼0
amnjkxjk
is called A  transform of the double sequence x= (xjk) and
denoted by Ax. We say that a sequence x is A-summable to
the limit s if the A-transform of x exists for all m,
n= 0, 1, . . . and convergent in the Pringsheim sense, i.e.,
p- lim
p;q!1
Xp
j¼0
Xq
k¼0
amnjkxjk ¼ ymn
and
p- lim
m;n!1
ymn ¼ s:gyptian Mathematical Society. Open access under CC BY-NC-ND license.
Some inequalities related to the concept of double statistical summability 255Let X and Y be any two sequence spaces. If x 2 X implies
Ax 2 Y, then we say that the matrix A maps X into Y. We de-
note the class of all matrices A which map X into Y by (X,Y).
It is known that A 2 ðCbp; CbpÞ, that is, A is conservative if
and only if (see [2])
p-lim
m;n
amnjk ¼ ajk for each j; k; ð1:1Þ
p-lim
m;n
X
j
X
k
amnjk ¼ a; ð1:2Þ
p-lim
m;n
X
j
jamnjkj ¼ a0k for each k; ð1:3Þ
p-lim
m;n
X
k
jamnjkj ¼ aj0 for each j; ð1:4Þ
p-lim
m;n
X
j
X
k
jamnjkj exists; ð1:5Þ
kAk ¼ sup
m;n
X
j
X
k
jamnjkj <1: ð1:6Þ
If A is conservative, the functional  ðAÞ ¼ aPjPkajk is
called the characteristic of four-dimensional matrix A, [3]. If
A is conservative and p-lim Ax= p-lim x for all x 2 Cbp, the
matrix A is said to be RH-regular, and we denote
A 2 ðCbp; CbpÞreg. Also, It is known that A 2 ðCbp; CbpÞreg if and
only if conditions (1.5) and (1.6) hold, and also (1.1) with
ajk = 0, (1.2) with a= 1, (1.3) and (1.4) with a0k = aj0 = 0
hold. If A is RH-regular then  (A) = 1. For more details of
double sequences and related concepts, we refer to [4–11]
and references therein.
The concept of statistical convergence of single sequences
was ﬁrst introduced by Fast [12]. Further, this concept was
studied by Schoenberg [13], Fridy [14], Connor [15], C¸akan
and Altay [16], Mohiuddine and Alghamdi [17] and many
others.
Let E#NN be a two-dimensional set of positive integers
and let E(m,n) be the numbers of (j,k) in E such that j 6 m and
k 6 n. Then, the two-dimensional analogue of natural density
can be deﬁned as follows [18].
The lower asymptotic density of the set E#NN is de-
ﬁned as
d2ðKÞ ¼ lim inf
m;n
Eðm; nÞ
mn
: ð1:7Þ
In case, the sequence (E(m,n)/mn) has a limit in Pringsheim’s
sense, then we say that E has a double natural density and is de-
ﬁned as
p-lim
m;n
Eðm; nÞ
mn
¼ d2ðEÞ: ð1:8Þ
Statistical convergence for double sequences x= (xjk) of
real numbers has been deﬁned and studied by Mursaleen and
Edely [18] and for double sequences of fuzzy real numbers
by Savas and Mursaleen [19]. Mohiuddine et al. [20] have re-
cently introduced the concept of statistical convergence for
double sequences in locally solid Riesz spaces.
A real double sequence x= (xjk) is said to be statistically
convergent [18] to L if for every e> 0, the set
fðj; kÞ; j 6 m and k 6 n : jxjk  LjP g ð1:9Þ
has double natural density zero. In this case, we write
st2  limj,kxjk = L, and we denote the set of all statistically
convergent double sequences by st2.A double inﬁnite Cesa´ro matrix (C,a,b) is a double inﬁnite
Hausdorff matrix with entries
hmnjk ¼
Ea1mjE
b1
nk
EamE
b
n
;
where
Eam ¼
mþ a
m
 
¼ Cðaþmþ 1Þ
Cðmþ 1ÞCðaþ 1Þ 
ma
Cðaþ 1Þ :
Let rmn denotes the mn-term of the (C, 1,1) transform of a
double sequence x= (xjk), that is,
rmn ¼ rmnðxjkÞ ¼ 1ðmþ 1Þðnþ 1Þ
Xm
j¼0
Xn
k¼0
xjk: ð1:10Þ
Savas et al. [21] studied the concept of the absoluteCesa´ro sum-
mability of double series.Recently,Moricz [22] deﬁned the concept
of statistical (C,1,1) summability as follows. A real double se-
quence x= (xjk) is said to be statistically summable (C,1,1) to
some number L if the sequence r= rmn is statistically convergent
to L, i.e. st2  lim rmn= L. We denote by C11(st2) the set of all
double sequences which are statistically summable (C,1,1). We
claim that if a double sequence (xjk) is bounded, then st2 lim
xjk= L implies st2  lim rmn= L. For any real bounded double
sequence x= (xjk), the concepts l(x) = p lim inf x and
L(x) = p  lim sup x have been introduced in [2].
In this paper, we prove some inequalities related to the con-
cepts of C11(st2)-conservative matrices, C11(st2)  lim sup and
C11(st2)  lim inf which are natural analogues of
ðCbp; st2 \ L1Þ-matrices, st2  lim sup and st2  lim inf, respec-
tively. Such type of inequalities are also considered by C¸akan
and Altay [3] and C¸akan et al [23]. The one-dimensional ver-
sion of such type inequalities appears in [24] and [25].
2. The main results
Theorem 2.1. Let A = (amnjk) be conservative and x 2 L1.
Then
p-lim sup
m;n
X
j
X
k
ðamnjkajkÞxjk6 kþ ðAÞ
2
uðxÞþk ðAÞ
2
wðxÞ ð2:1Þ
for any k P j  ðAÞ j, if and only if
p-lim sup
m;n
X
j
X
k
jamnjk  ajkj 6 k; ð2:2Þ
p-lim
m;n
X
ðj;kÞ2E
jamnjk  ajkj ¼ 0 ð2:3Þ
for every E#NN with d2(E) = 0, where
u(x) = C11(st2)  lim sup x and w(x) = C11(st2)  lim inf x.
Theorem 2.2. Let A be C11(st2)-conservative. Then, for some
constant kP ŒjŒ and for all x 2 L1,
C11ðst2Þ limsup
m;n
X
j
X
k
ðamnjkajkÞxjk6 kþj
2
LðxÞkj
2
lðxÞ ð2:4Þ
if and only if
C11ðst2Þ  lim sup
m;n
X
j
X
k
jamnjk  ajkj 6 k: ð2:5Þ
Theorem 2.3. Let A be C11(st2)-conservative. Then, for some
constant kP ŒjŒ and for all x 2 L1,
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m;n
X
j
X
k
ðamnjkajkÞ6 kþj
2
uðxÞþkj
2
wðxÞ ð2:6Þ
if and only if (2.5) holds and
C11ðst2Þ  lim
m;n
X
ðj;kÞ2E
ðamnjk  ajkÞ ¼ 0 ð2:7Þ
for every E#NN with d2(E) = 0.3. Lemmas
We shall need the following lemmas for the proof of our The-
orems. The following lemma is a double sequence version of
Corollary 3 of Kolk [26] and Lemma 2.1 of Mursaleen et al
[25].
Lemma 3.1. A 2 ðCbp; st2 \ L1Þ if and only if
sup
m;n
X
j
X
k
jamnjkj <1; ð3:1Þ
C11ðst2Þ  lim
m;n
amnjk ¼ ajk for each j; k; ð3:2Þ
C11ðst2Þ  lim
m;n
X
j
jamnjkj ¼ a0k for each k; ð3:3Þ
C11ðst2Þ  lim
m;n
X
k
jamnjkj ¼ aj0 for each j; ð3:4Þ
C11ðst2Þ  lim
m;n
X
j
X
k
amnjk ¼ a: ð3:5Þ
We call such matrices as C11(st2)-conservative matrices, and
in this case
K ¼ a
X
j
X
k
ajk ð3:6Þ
is deﬁned which is known as the C11(st2)  characteristic of A.
This number is analogous to the number  st2ðAÞ deﬁned by
Coskun and C¸akan [24] for single sequences.
The following lemma which is C11(st2)-analogue of a result
of Patterson [2].
Lemma 3.2. Let A = (amnjk) be a four-dimensional matrix and
iAi <1. If conditions
C11ðst2Þ  lim
m;n
amnjk ¼ 0 for each j; k; ð3:7Þ
C11ðst2Þ  lim
m;n
X
j
jamnjkj ¼ 0 for each k; ð3:8Þ
C11ðst2Þ  lim
m;n
X
k
jamnjkj ¼ 0 for each j; ð3:9Þ
are satisﬁed then there exists y 2 L1 such that iyi 6 1 and
C11ðst2Þ  lim sup
X
j
X
k
amnjkyjk ¼ C11ðst2Þ  lim sup
X
j
X
k
jamnjkj: ð3:10Þ
The following lemma is derived by replacing st with C1(st)
from Lemma 2.3 of Coskun and C¸akan [24].
Lemma 3.3. Let A be C11(st2)-conservative and k> 0. Then
C11ðst2Þ  lim sup
m;n
X
j
X
k
jamnjk  ajkj 6 k ð3:11Þ
if and only ifC11ðst2Þ  lim sup
m;n
X
j
X
k
ðamnjk  ajkÞþ 6 kþK
2
ð3:12Þ
and
C11ðst2Þ  lim sup
n
X
j
X
k
ðamnjk  ajkÞ 6 kK
2
; ð3:13Þ
where for any g 2 R; gþ ¼ maxf0; gg and g=max{g,0}.
Lemma 3.4 [3]. Let A be conservative. Then for some constant
k P j  ðAÞ j and for all x 2 L1, one has
p lim sup
m;n
X
j
X
k
ðamnjk  ajkÞxjk 6 kþ  ðAÞ
2
LðxÞ  k  ðAÞ
2
lðxÞ ð3:14Þ
if and only if
p lim sup
m;n
X
j
X
k
jamnjk  ajkj 6 k ð3:15Þ
holds.4. Proof of theorems
Proof of Theorem 2.1. Necessity. Let L(x) = p  lim sup x
and l(x) = p  lim inf x. Since u(x) 6 L(x) and w(x) 6 l(x)
for all x 2 L1, we have
p lim sup
m;n
X
j
X
k
ðamnjk  ajkÞxjk
6 kþ  ðAÞ
2
LðxÞ  k  ðAÞ
2
lðxÞ;
and the necessity of (2.2) follows from Lemma 3.4. Denote by
B= (bmnjk) the doubly inﬁnite matrix with entries
bmnjk ¼
amnjk  ajk for ðj; kÞ 2 E;
0 for ðj; kÞ R E:

Since A is conservative, the matrix B satisﬁes the conditions
of Lemma 3.2. Hence there exists a y 2 L1 such that iyi 6 1
and
p lim sup
m;n
X
j
X
k
jbmnjkj ¼ p lim sup
m;n
X
j
X
k
bmnjkyjk: ð4:1Þ
Now, let y= (yjk) be deﬁned by
yjk ¼
1 for ðj; kÞ 2 E;
0 for ðj; kÞ R E:

So that, C11(st2)  lim y= u(y) = w(y) = 0; and by (2.1) and
(4.1) we have
p lim sup
m;n
X
ðj;kÞ2E
jamnjk  ajkj 6 kþ  ðAÞ
2
uðyÞ þ k  ðAÞ
2
wðxÞ ¼ 0
and we get (2.3).
Sufﬁciency. Let x 2 L1. Write E1 ¼ f j; kð Þ : rjk >
uðxÞ þ g  NN and E2 ¼ fðj; kÞ : rjk < wðxÞ  g 
NN. Then we have d2(E1) = d2(E2) = 0; and hence
d2(E) = 0 for E= E1 \ E2. We can write
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j
X
k
ðamnjk  ajkÞxjk ¼
X
ðj;kÞ2E
ðamnjk  ajkÞxjk þ
X
ðj;kÞRE
ðamnjk  ajkÞþxjk

X
ðj;kÞRE
ðamnjk  ajkÞxjk:
Hence
p lim sup
m;n
X
j
X
k
ðamnjk  ajkÞxjk 6 p lim sup
m;nX
ðj;kÞ2E
jamnjk  ajkjjxjkj þ p lim sup
m;n
X
ðj;kÞRE
ðamnjk  ajkÞþrjk þ p lim sup
m;n

X
ðj;kÞRE
ðamnjk  ajkÞrjk
 !
¼ I1ðxÞ þ I2ðxÞ þ I3ðxÞ; say:
From condition (2.3), we have I1(x) = 0. Let e > 0, then there
is a set E as deﬁned above such that for (j,k) R E,
wðxÞ   < rp < uðxÞ þ ; uðxÞ   < rj;k < wðxÞ þ : ð4:2Þ
Therefore from conditions (2.2) and (4.2) we get
I2ðxÞ 6 kþ 
2
ðuðxÞ þ Þ
I3ðxÞ 6 k 
2
ðwðxÞ þ Þ:
Hence we get
p lim sup
m;n
X
j
X
k
ðamnjk  ajkÞxk
<
kþ 
2
uðxÞ þ k 
2
wðxÞ þ k;
6 kþ 
2
uðxÞ þ k 
2
wðxÞ;
since e was arbitrary. This completes the proof of the theorem.
Proof of Theorem 2.2. Necessity. If we deﬁne the matrix
B= (bmnjk) by bmnjk = amnjk  ajk for all m, n, j, k, then, since
A is C11(st2)-conservative, the matrix B satisﬁes the hypothesis
of Lemma 3.2. Hence for a y 2 L1 such that iyi 6 1 we have
C11ðst2Þ  lim sup
m;n
X
j
X
k
jbmnjkj ¼ C11ðst2Þ
 lim sup
m;n
X
j
X
k
bmnjkyjk:
Using (2.4), we get
C11ðst2Þ  lim sup
m;n
X
j
X
k
jbmnjkj 6 kþ j
2
LðyÞ  k j
2
lðyÞ
6 kþ j
2
þ k j
2
 
kyk
6 k; since kyk 6 1:
Sufﬁciency. As in Theorem 2.1, for some
j0; k0 2 N ðj > j0; k > k0Þ, we can writeX
j
X
k
ðamnjk  ajkÞxjk ¼
X
j6j0
X
k6k0
ðamnjk  ajkÞxk
þ
X
j>j0
X
k>k0
ðamnjk  ajkÞþxjk 
X
j>j0
X
k>k0
ðamnjk  ajkÞxjk:
Since for any e > 0, l(x)  e< xjk < L(x) + e; and A is
C11(st2)-conservative, we get by Lemma 3.2 thatC11ðst2Þ  lim sup
m;n
X
j
X
k
ðamnjk  ajkÞxjk
6 ðLðxÞ þ Þ kþ j
2
 
 ðlðxÞ  Þ k j
2
 
¼ kþ j
2
LðxÞ  k j
2
lðxÞ þ k;
which gives (2.4), since e was arbitrary.
Proof of Theorem 2.3. Necessity. Let (2.6) hold. Since u(x) 6
L(x) and w(x) 6 l(x), (2.5) follows from Theorem 2.2. Now
let us show the necessity of (2.7). For any E#NN with
d2(E) = 0, let us deﬁne a matrix B= (bmnjk) by the following
bmnjk ¼
amnjk  ajk for ðj; kÞ 2 E;
0 for ðj; kÞ R E:

Then, it is clear that B satisﬁes the conditions of Lemma 3.2
and hence there exists a y 2 L1 such that iyi 6 1 and
C11ðst2Þ  lim sup
m;n
X
j;k
bmnjkyjk ¼ C11ðst2Þ  lim sup
m;n
X
j;k
jbmnjkj:
Let us deﬁne the sequence y= (yjk) by
yjk ¼
1 for ðj; kÞ 2 E;
0 for ðj; kÞ R E:

Using the fact that C11(st2)  lim y= u(y) = w(y) = 0 and
(2.6), we get
C11ðst2Þ  lim sup
m;n
X
ðj;kÞ2E
jamnjk  ajkjxjk
6 kþ j
2
uðyÞ þ k j
2
wðyÞ ¼ 0;
and hence we get (2.7).
Sufﬁciency. Let (2.5) and (2.7) hold and x 2 L1. As in The-
orem 2.1, we can write
X
j
X
k
ðamnjk  ajkÞxjk ¼
X
ðj;kÞ2E
ðamnjk  ajkÞxjk þ
X
ðj;kÞRE
ðamnjk  ajkÞþxjk

X
ðj;kÞRE
ðamnjk  ajkÞxjk:
Using Lemma 3.3 and since A is C11(st2)-conservative, we have
C11ðst2Þ  lim sup
m;n
X
j
X
k
amnjk  ajk
 
6 kþ j
2
uðxÞ þ k j
2
wðxÞ þ k:
But e was arbitrary, so (2.6) holds and this completes the proof
of theorem.References
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